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Abstract 

Let k(G) be the number of conjugacy classes of finite groups G and 7r e (G) be the set of 
the orders of elements in G. Then there exists a non-negative integer k such that k(G) = 
|7r e (G)| + k. We call such groups to be co(fc) groups. This paper classifies all finite co(l) 
groups. They are isomorphic to one of the following groups: As, 1/2(7), S5, Z3, Z4, £4, At, 
Dxo, Hol(Z 5 ), or Z 3 x Z 4 . 
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1 Introduction 

In 1988 W. Feit and G.M. Seitz[4], and J. P. Zhang[ll] proved the well-known Syskin problem[9] 
independently. Syskin problem is that: if any elements of a finite group G with same order 
are conjugate, then G = 1, Zi, or S3. Since then several authors have investigated the similar 
problems (see [7], [8] and [12]). Motivated by Syskin problem, we consider the following problem. 
We define the following equivalence relation in a group G: two elements x, y of G are equivalent 
if and only if o{x) = o(y). We call this equivalent class to be the same order class of G. Then 
there exists a non-negative integer k such that the number k(G) of conjugacy classes of G 
satisfies k(G) = 7r e (G) | + k, where 7r e (G) is the set of the element orders of G. We call such 
groups to be co(fc) groups. What can we say about the structure of co(k) groups when k is a 
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given number? Clearly co(0) groups are the groups discussed in Syskin problem. If k = 1, then 
all co(l) groups will be classified here. 

The main result of this paper is: Let G be a finite group. Then G is a co(l) group if and 
only if G = A 5 ,L 2 (7), S 6 , S 4 , A 4 , D 10 , Z 3 , Z 4 , Hol(Z 5 ) or Z 3 x Z 4 . 

For convenience, we give some notation. We denote the order of x by o(x), k(G) the 
number of conjugacy classes of G, 7r e (G) the set of the orders of elements of G, Irr(G) the set of 
irreducible characters of G. x ~ y means that x is conjugate to y in G and x oo y means that x 
is not conjugate to y in G. x G denotes the conjugacy class containing x. a denotes the element 
aN of quotient group G/N. The symbol 1 is used for both the identity element and the identity 
element subgroup of G. G* denotes G — 1. Lastly we call the set {a a | a <E G, <r s Aut(G)} to 
be a fusion class of a in G. 

By the definition, co(l) groups are the groups whose conjugacy classes number is one 
greater than its same order classes number, i.e., co(l) groups have one and only one same order 
class containing two conjugacy classes of G. 



2 Preliminaries 

The following Lemma 2.2 and its corollary are fundamental for this paper. 

Lemma 2.1 Suppose that G is a finite co(0) group. Then G = 1, Z 2 or S3. 
Proof. Sec [11; Theorem 1]. 

Lemma 2.2 Suppose that G is a finite co(fc) group, and N is a normal elementary 
Abelian p-subgroup of G. Then G/N is a co(i) group, where < i < k. 

Proof. Let G = G/N. We fix n € 7r e (G), (p, n) = 1. Then there exists a maximal order 
np % (i > 0) among the orders of elements in G. We denote it by np m< ~ n \ m(n) > 0. Clearly it 
dependents on n. We know that the inverse images of the elements of order np l of G consist 
of the elements of order np l or np l+1 of G, and the images of the elements of order np l+1 of G 
consist of elements of order np l or np l+1 of G under the natural homomorphism of G — ► G/N. 

Let Tj(n) be the set of the representatives of conjugacy classes of elements of order np l in 
G and Tj(n) be the set of the representatives of conjugacy classes of element order np % in G. 
Let 

Tain) = {ae T t {n) \ o(a) = np 1 }, T t2 {n) = {a e T,(n) |o(o) = np 1 ' 1 }, 
fain) = {a e f,(n) | o(o) - np 4 }, T l2 (n) = {a G T,(n) | o(a) = 
U(n) = \Ti(n)\, hi{n) = \Tn(n)\, lain) = |T i2 (n)|, 
ii(n) = If^n)!, r a (n) = |T a (n)|, [ i2 (n) = |f j2 (n)|. 



It is easy to see that T;(n) = T a (n) U T i2 (n), T n (n) D T i2 (n) = and f 4 (n) = fa(n) U T i2 (n). 
So we have ^(n) = lain) + li2(n) and kin) < ki{n) + ^ 2 (n). Clearly T (l) = 7oi(l) = 
{!}, T 02 (l) = cj) and T (l) = f i(l) = T 02 (l) = {!}. Hence i (l) - Ml) = 1, W) = and 
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r (i) = foi(i) = r 02 (i) = i. 

Now we assert that 

(1) hi(n) < ln(n), l i2 (n) < l i+ i, 2 (n), and 

(2) If G has the elements of order np m ^ +1 and the maximal order of elements of G is 
np m(n \ then l (n) < l 01 {n) + l 02 {n) - 1. 

(1) is obvious. 

Proof of (2). Because G has the elements of order np m (") +1 and the maximal order of 
elements of G is np m ( n > for fixed n, therefore G has an element b of order n and the inverse 
image b is of order np by the natural homomorphism of G — > G/N. Since (n,p) = 1, b can 
be expressed as the product of an element of order n and an element of order p. Let b = b\b 2 , 
where b\b 2 = b 2 b\, o(b\) — n, and 0(62) = P- Hence b n = b 2 l € N. Since N is an elementary 
Abclian p-group, b 2 G N. It follows that 6 = b\b 2 = b\. Since o(b) = np and 0(6) = n, we have 
b G f 02 (n), and &i G f i(n). Since f (n) = f i(n) U T 02 (n) and b = 61 G T i(n) n f 02 (n), we 
have 

r (n) = |T (n)| < |f i(n)| + \f Q1 (n)\ - 1 - r i(n) + T 02 (n) - 1. 

Now we define a function <J(x) such that <5(n) = if G docs not contain any element of 
order np m ( n ) +1 , and 5(n) = 1 if G has elements of order np m ( n ) +1 . It is easy to see that if G 
does not contain any element of order np m ^ +1 , then l m ( n ) 2 {n) = 0. Hence we have 

Zo(n) + h(n) + ... + r m( „)(n) < 

Zoi(n) + io2(n) + hi(n) + h 2 {n) + ... + l m (n)i{n) + S(n)(l m ( n ) 2 (n) - I). 

Recall that la(ri) < ki(n) and h 2 (n) < h+\ t2 {n), and if G has elements of order np m ^ +1 , then 
lo(n) < Toi(n) +lo 2 (n) — 1. Therefore 

(2.2.1) r (n) + h(n) + ... + l m(n) (n) < 

r i(n) + r 02 (n) + Zn(n) + Zi 2 (ra) + ... + r m(n)1 (n) + (J(n)(/ m(n ) 2 (n) - 1) < 
loi(n) + hi{n) + l n (n) + l 22 {n) + l 21 (n) + ... + l m ( n)2 (n) + l m{n)1 {n) + 8{n)(l m(n)+ia (n) - I) 
< lo(n) + h(n) + l 2 (n) + ... + l m{n) {n) + S(n)(l m(n)+1 (n) - I). 

That is 

m(n) m{ri) 

E ^(") - E lt ^> + S ( n )( l m(n) + l(n) - 1). 

4=0 1 = 

Let n run through all elements of 7r e (G) such that (n,p) = 1 (n may be 1). Then 

(p,n) = l m(n) (p,n) = l m(n) (p,n) = l 

(2.2.2) J2_ E ~ l » ^ E_ E ^(») + E_ S(n)(l m(n)+1 (n) 1). 

Since 7r e (G) C 7r e (G), <J(n) = 1 if np m ^ +1 G 7r e (G) (np m (") +1 g 7r e (G)). Hence if we put 
d = J2^ P ' n \r*\ $( n )i then the left hand side of (2.2.2) is just the number of conjugacy classes 
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k(G). The right hand side of (2.2.2) is k(G) — d. Since G is a co(fc) group, so the right hand 
side of (2.2.2) is |7r e (G)| + k - d. Obviously, 

(p,n)=l 

d= Yl S(n) = \w e (G)\-\w e (G)\. 

n£n e (G) 

So we have 

k(G) < \n e (G)\ +k- (K e (G)| - |7r e (G)|) = \n e (G)\ + k. 

Therefore G = G/N is a co{i) group with < i < k. 

Corollary 2.3 Suppose that G is a finite co(fc) group and N is a normal elemen- 
tary Abelian p-subgroup. If there exists nonidentity elements xi,X2, -;Xt G A, such that 
xi, X2, ■■■iXt are not conjugate each other in G, then G/N is a co(i) group, with < i < k — t + 1. 

Proof. Since A is an elementary Abelian p-subgroup, we have o(a) = 1 for any a 6 A. 
Since o{xi) — p, i — 1, 2, i, x\,X2,—,Xt G ^12(1). Therefore Zi2(l) > t. Since £02(1) = 1, 
^02(1) < ^12(1) — (i — !)• In the inequality (2.2.1) of Lemma 2.2, we take n = 1 and have 

r (i)+/i(i) + ...+r m(1 )(i) < 
ioi(i) + mi) + iii(i) + mi) + ... + r ro(1) i(i) + 5{i){i m{m {i) - 1) < 

^l(l) + (?12(l)-(t-l))+?ll(l)+/22(l)+/2l(l) + ...+/ m( l)2(l)+^(l)l(l)+'5(l)a m (l) + l,2(l)-l) 

< i (i) + (/i(i) - (t - 1)) + / 2 (i) + « 3 (i) + ••• + ^d)(i) + <J(i)G m( i) + i(i) - 1). 

Therefore when n runs across the set 7r e (G) satisfying (n,p) = 1, we have 

k(G) < \n e (G)\ + k - (t - 1) - (MG)| - |7T e (G)|) = 7r e (G) + fc - (t - 1). 

Hence G/N is a co(z) group with 0<i<fc — 

Lemma 2.4 Let G be a finite co(l) group and A be a normal elementary Abelian sub- 
group of G. Assume that x, y G G, o(x) = o(y) = m, and x y in G. If G/A^ is also a co(l) 
group, o(a) = o(b) = n > 1, and 5^6, then n = o(x) or n = o(y). 

Proof. Without loss of generality, let o(a) = min{o(g) | 5 G aA} and 0(6) = min{o{g) \ g G 
6A}. Since o(a) = 0(6) = n, o(a) — n or np. Similarly 0(6) = n or np. Since G and G/N are 
co(l) groups, and x y, it is impossible that both ir and y lie in A by Corollary 2.3. Therefore 
at least one of o(x), o(y) is greater than one. 

(i) Let o(a) = o(b) = n. If n = m, then a ~ x or a ~ y since a, x, and y are all elements 
of order n, and G is co(l) group. It follows that a ~ x or o ~ y. Therefore n = o(a) = o(x) or 
n = o(a) = o(y). If n ^ m, then a ~ 6, and a ~ 6. It is contrary to the hypothesis. 

(ii) Let o(a) = o(b) = np. The same as (i) we may prove that n — o(a) — o(x), or 
n = o(d) = o(y). 

(iii) Let o(a) = n and 0(6) = np. If n = m, then we have n = o(a) = o(x), or n = 
0(0) = o(y) as the same as case (i). If n ^ m, then a, b p are both elements of order n. Hence 
a r~j b p , and a ~ 6 P follows. Therefore o(a) = o(6 p ) = 0(6), it implies that (n,p) = 1. Let 



4 



b = b x b 2 , 0(61) = n, and o(b 2 ) = p. Since b n = b r 2 l e N, b 2 e N. Therefore b = b x . But 
0(61) — n < o{b) — np, it contradicts the choice of b. 

Lemma 2.5 [Ito] Suppose that G is a finite group and A is an Abelian subgroup G, 
then for any irreducible character \, x(l) < \G : A\. If A is an Abelian normal subgroup of G 
thcn X (l)||G: A\. 

Proof. See [5; Problem (5.4) and Theorem (6.15)]. 

Lemma 2.6 Suppose that G is a finite group, N <G, k(G) = r, and k(G/N) = s, then 
there exists t(t = r — s) distinct irreducible characters X i, X2, Xt of G such that 

|G/AT|(|7V|-l)=xKl)+xi(l) + - + X?(l) 

Proof. Since |Irr(G)|=fc(G) = r and |Irr(G/N)|=fc(G/JV) = s, G/N has s distinct ir- 
reducible characters 9i,9 2 , ...,9 S , they may be viewed as distinct irreducible characters of G. 
Let Xi)X2,-",X« be the all other irreducible characters of G. Then \G\ — 9f(l) + 9 2 (1) + 
... + 9^1) + X?(l) + Xl(l) + ... + X?(l)= \G/N\ + x?(l) + xl(l) + -. + Xt 2 (l)- Therefore 
|G/iV|(|JV|-l)=x?(l)+xi(l) + ... + X?(l). 

Lemma 2.7 Let G be a finite non- Abelian simple group. If any same order elements are 
contained in at most two fusion classes, then G is isomorphic to one of the following groups: 

(a) A 5 , A 6 , A 7 , A 8 ; 

(b) Mn, Mn, M 22 , M 23 , J 2 , M C L; 

(c) L 2 (7), L 2 (8), L 2 (ll), L 2 (16), L 2 (27), L 3 (3), L 3 (4), t/ 3 (3), t/ 3 (4), C/ 3 (5), t/ 3 (8), 
Sp 4 (4), S«(8). 

Proof. See [8; Theorem 1.1]. 

Lemma 2.8 Let G be a finite co(l) group, TV < G and N = N\ x iV 2 x ... x N t , where 
each TVi is a non-Abelian simple group and isomorphic to each other, i=l,2,...,t. Then t=l. 

Proof. If t > 1, put ai, 61 e JVi and o(ai) ^ o(bi). Since G is a co(l) group, then exists 
at least one of the same order classes of order o(ai) or 0(61) formed by one conjugacy class 
from the definition of co(l) group. Without loss of generality we may assume all elements 
of order o(ai) lie in same conjugacy class. Let a 2 G A^ 2 , such that 0(01) = o(a 2 ). Since 
aia 2 = a 2 ai, o(ai) = o(aia 2 ). Therefore there exists g £ G such that aia 2 = af . Since af <G iVf 
and A^f = Nf x iV| x ... x Nf = N 1 x N 2 x ... x N t , Nf = N u 1 < i < t. It follows that 
aia 2 = af e A r f = JVi. From ai e JVi, a 2 £ iV 2 we have aia 2 e (iVi x N 2 ) (1 Ni = l,i ^ 1, 2, a 
contradiction. So t = 1. 

Lemma 2.9 Let G be a finite group, N < G. If iV is a non-Abelian simple group, then 
G/Cq(N)N S a subgroup of Oui(JV). 

Proof. Since is a non-Abelian simple group, it is easy to get from A/G theorem. 

In later proof, we will use the following lemma repeatedly. 

Lemma 2.10 Let G be a finite group, N< G, a e N, and 0(0) > 1. Suppose all elements 
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of order o(a) of TV lie in m iV-conjugacy classes, but in one G-conjugacy class. If the length of 
A^-conjugacy classes is the same, then 

\G:N\=m\C G (a):C N (a)\ 

Proof. By the hypothesis, \a G \ = m\a N \. Since \G : C N (a)\ = \G : C G (a)\\C G (a) : C N (a)\ = 
\G : N\\N : C N (a)\, \a G \ = \G : C G (a)\, and \a N \ = \N : C N (a)\, therefore \a G \\C G (a) : 
C N (a)\ = \G : JVHa^l- The equality \a G \ = m\a N \ implies that \G : N\ = m\C G {a) : C N {a)\. 

Lemma 2.11 Suppose that G is an nonsolvable co(\) group, and G is not simple. Let 
N be a minimal normal subgroup of G. If N is an elementary Abelian p-subgroup, then G/N 
is not isomorphic to A5, L 2 (7), or S$. 

Proof. By Lemma 2.2, G/N is a co(0) or co(l) group. If N* contains two distinct conjugacy 
classes of G, then G/N is a co(0) group by Corollary 2.3. Furthermore G/N = 1, Z 2 , 53 by 
Lemma 2.1. This contradicts to G is nonsolvable. Therefore G/N is a co(l) group and N* 
consists of one conjugacy class of G. Let N = 1 U a G , a 6 G and |iV| = p". Now, we prove that 
G/iV is not isomorphic to one of A5, £2(7), or S5. 

(I) G/N ¥ A 5 . If G/N S A 5 , then (p Q - 1) | 2 2 .3.5. (1) If p = 5, then |G| = 2 2 .3.5.5 Q . 
Since \a G \ = (b a - 1) | |G|, we have a = 1, \N\ = 5 and |a G | = 4. Thus |G G (iV)| = C G (a) = 
\G\/\a G \ = 3.5 2 and N < C G (N) < G, contrary to that G/N is simple. (2) If p 7^ 5, we assert 
that G has no elements of order bp. Otherwise, since (b,p) = 1, no matter what G has one or 
two conjugacy classes of order bp, we can conclude that the elements of order 5 of G/N = A 5 
lie in one conjugacy class, contrary to the structure of A 5 . Hence 5 | \a G \ = p a — 1. We get (a) 
(p,a) = (11,1), (31,1), (61,1), (b) (p,a) = (2,4) and |G G (a)| = 2 6 , 7r e (G) = {1,2,3,4,5}. In 
(a), we have 1 < G/C G (N) < Aut(N) = Z p _ x . It is contrary to G/N ^ A 5 . In (b), from [2; 
Lemma 2] we have G = Aq or G = N xi A$. Clearly G is not isomorphic to Aq(A§ is a co(2) 
group). We know that A 5 has two conjugacy classes of elements of order 5, so does G. Hence 
the elements of order 2 are all conjugate in N too by Lemma 2.4. It is impossible. 

(II) G/N ¥ 1,2(7). If G/N = L 2 (7). (1) If p = 7, then \a G \ = 7 a - 1 | |G|. So a = 
1, |C G (JV)| = |G G (a)| = 2 2 .7 2 . Therefore < C G (N) < G, contrary to G/JV S L 2 (7). (2) 
If p 7^ 7, with the same way as in (I) (2), we can prove G has not elements of order 7p. 
Therefore 7\p a - 1, it follows that (a) (p,a) = (29,1), (43,1), (57,1), (b) (p, a) = (13,2) and 
(c) (p,a) = (2,3), |AT| = 2 3 . In (a), we have N < C G (N) < G, it is contrary to G/N ^ i 2 (7). 
In (b), is a Hall-normal subgroup of G, by Schur-Zassenhaus Theorem, has a complement 
H = G/N = L 2 (7). H acts fixed-point-free on N, by [6; Theorem 7.24], the Sylow 2- subgroups 
of H are cyclic or generalized quaternion groups. But by [1], the Sylow 2- subgroups of H = 
L 2 (7) are dihedral groups, it is a contradiction. In (c), since 7 \ \C G (N)\ 7 C G (N) is a {2,3} 
group and therefore it is a solvable group. Clearly G/C G (N) is solvable too, therefore G is 
solvable, a contradiction. 

(III) G/N ¥ S 5 . If G/N = S 5 , then (p a - 1) | 2 3 .3.5. We get (1) (p, a) = (2, 1), (3, 1), 
(5,1), (7,1), (11,1), (13,1), (31,1), (41,1), (61,1). (2) (p, a) = (2, 2), (2, 4), (3, 2), (5, 2) or (11, 2). 
If (1) holds, when (p,a) = (2,1), then |7V| = 2 and N < Z(G). Since G/N = S 5 has two 
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conjugacy classes of elements of order 2, if G has elements of order 8, then they are in one 
conjugacy class by Lemma 2.4. Let G has n cyclic subgroups of order 8, then 2 2 n — n(j)(8) = 
|x G | = \G\/\C G (x)\ where x G G, o{x) = 8. As 2 3 | \C G (x)\, we have 2 5 | \G\ = 2 4 .3.5, a con- 
tradiction. We know that ir e (G/N) = {1,2,3,4,5,6}, therefore ir e {G) = {1,2,3,4,5,6,10} or 
{1,2,3,4,5,6,10,12} and k(G) - k(G/N) = 1 or 2. By Lemma 2.6, there exist X i G M G ) 
(i = 1,2) such that \G/N\(\N\-1) = x 2 (l), or \G/N\(\N\-1) = Xi(l)+xl( 1 )- It is easy to verify 
that the above two diophantine equations have no solution since |G/A|(|iV| — 1) = 2 3 .3.5. When 
(p, a) = (3, 1), then \C G (N)\ = \C G (a)\ = 2 2 .3 2 .5. In this case, if C G (N) is solvable, then G is 
solvable, if C G (N) is nonsolvablc, then C G (N)/N = A 5 . Therefore ir e (G) = {1,2,3,4,5,6, 15} 
or {1,2,3,4,5,6,9,15}. In the same way as in case (p, a) = (2,1), we get a contradiction. 
When a = l,p = 5,7,11,13,31,41,61, we have 1 < G/C G {N) < Aut(N) = Z p _i. So both 
C G (N) and G/C G (N) are solvable, it follows that G is solvable too, a contradiction. Now we 
consider (2). If (p, a) — (2,2), or (3,2), then we can derive a contradiction as (1) considering 
Aut(N). If (p,a) = (2,4), then \a G \ = 3.5 and C G (a) = 2 7 . It implies that C G (N) = P 2 , 
where P 2 £ Sy^iG). So G/C G (N) and C G (N) are both solvable, it implies that G is solvable, 
a contradiction. If (p,a) = (11,2) or (5,2), we can get a contradiction similar to the subcase 
(p, a) = (13,2) in (II) (2) (b). The proof of Lemma 2.11 is completed. 

3 The proof of Theorems 

Now we begin to prove the main theorems. 

Theorem 3.1 G is a solvable co(l) group if and only if G is isomorphic to one of the 
following groups: 

S 4 , A 4 , Dio, Hol(Z 5 ), Z 3 x Z 4 , Z 3 , Z 4 . 

Proof. It is easy to check that the groups listed in Theorem 3.1 are co(l) groups. Conversely 
let G be a solvable co(l) group. Suppose that G is a minimal counterexample. Since G is 
solvable, the minimal normal subgroup N of G is an elementary Abclian p-subgroup. By 
Lemma 2.2, G/N is a co(0) or co(l) group. N* consists of at most two G-conjugacy classes 
since G is a co(l) group. That is TV = 1 U a G or N = 1 U a G U b G . 

We suppose firstly that G/N is a co(0) group, then by Lemma 2.1, G/N = 1, Z 2 , S3. 

(1) If G/N = 1, then G = N is an Abelian simple p-group. Thus it is only possible for 
G = Z3 , contrary to that G is a minimal counterexample. 

(2) If G/N = Z 2 . 

(i) Let TV = 1 U a G . If \a G \ = 1, then N < Z(G), it follows that G is Abclian. G is a co(l) 
group implies that k(G) — \G\ = \ir e (G)\ + 1. The only possible is G = Z 4 , it is contrary to 
that G is a minimal counterexample. Hence \a G \ > 1. Since \a G \ = (p a — 1) | 2, p = 3, a = 1, 
it implies that G = S3 or Z e . But both S3 and Z e are not co(l) groups. 

(ii) Let N = 1 U a G U 6 G , then |a G | > 1, |6 G | > 1 since TV is a minimal normal subgroup. 
Therefore \a G \ = \b G \ = 2. It follows that N ~ Z 5 and G = Dio, which is contrary to that G is 
a minimal counterexample. 

(3) If G/W^S 3 . 
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(i) Let N = 1 Ua G . Since \a G \ = p a - 1 1 |5 3 |, p Q - 1 = 1, 2, 3, 6. Therefore p = 2, 3, 7. 

(a) If p = 2, a = 1, then |G| = 12. Clearly, G is non-Abclian, so G = A 4 , Z 3 x Z 4 or 
5,3 x Z 2 . 5,3 x Z 2 is not a co(0) group, hence G = A 4 or Z 3 x Z 4 , contrary to G is a minimal 
counterexample. 

(b) If p = 2, a = 2, then 7r e (G) = {1,2,3} or {1,2,3,4}. By [2; Lemma 2, 3], G ^ 
(Z2 x Z2) x S 3 = 5 4 , it is contrary to that G is a minimal counterexample. 

(c) If p = 3, then a = 1. Let P E Syl 3 (G), then \P\ = 9 and P <G. Clearly, P* contains 
at least three conjugacy classes of same element order of G. Hence G is not a co(l) group. 

(d) If p = 7, then a = 1. By JV/C Theorem, 5 3 S G/N = G/C G (N) < Aut(N) = Z 6 , a 
contradiction. 

(ii) Let iV = 1 U a G U b G . Since N is a minimal normal subgroup, \a G \ > 1, |6 G | > 1, 
therefore |a G |, |6 G | = 2, 3, 6. | TV | = p a implies that |a G | = \b G \ = 2, 3, 6. If |a G | = |6 G | = 2, 
then N = Z 5 . Thus G has a cyclic normal subgroup of order 15 and G = Zi 5 x Z 2 . It is easy to 
see that there are </>(15) = 8 elements of order 15 in G, therefore the elements of order 15 lies in 
at least 4 conjugacy classes of G, which shows that G is not a co(l) group. If \a G \ — \b G \ = 3, 
then N = Z 7 and 7r e (G) = {1,2,3,7,14}. Hence k(G) = 6, fc(G/7V) = 3. By Lemma 2.6, 
there exists X i G Lr(G)( By Lemma 2.5, Xi(l) |6, i = 1,2,3,) such that 36 = \G/N\(\N\ - 1) = 
Xi(l) + Xi(!) + Xi(l) ; a contradiction. If |a G | = |6 G | = 6, then N ^ Z 13 and G G (iV) = N. By 
iV/C Theorem, 5 3 ^ G/iV < v4ut(A^) = Z 13 , a contradiction. 

Now suppose that G/N is a co(l) group. Since G is a minimal counterexample, G/N is 
isomorphic to one of the groups listed in Theorem 3.1. By Corollary 2.3, N ~ 1 U a G . We 
consider various cases about p. 

Case 1 p = 2. Let P 2 e Syl 2 {G). 

(i) If TV < Z(G), then N = Z 2 . When G/N = 5 4 , then 7r e (G) = {1,2,3,4,6} or 
{1,2,3,4,6,8}. So k(G/N) = 5 and k(G) = 6 or 7. By Lemma 2.6, there exists \i Glrr(G) 
such that 24 = \G/N\(\N\ - 1) = x?(l)(or xK 1 ) + xK 1 )). a contradiction. In the same way, 
we can prove that G/N ¥ A 4 and G ^ Z 3 » Z 4 . When G/N ^ Hol(Z 5 ), if 8 G 7r e (G), then all 
elements of order 8 are in at least two conjugacy classes with same length. Suppose that G has 
n cyclic subgroups of order 8. Let o{x) = 8, then n(f>(8) = 4n = 2\x G \ = 2|G|/|Gc(a;)| = 10, 
a contradiction. Therefore 7r e (G) = {1,2,4,5,10} and k(G) = 6, k(G/N) = 5. By Lemma 
2.6, there exists x £lrr(G) such that 20 = x 2 (l)> a contradiction. When G/N = D w . By 
Lemma 2.4, the elements of order 5 lie in two conjugacy classes. N < Z{G) implies that the 
elements of order 10 are in two conjugacy classes too, contrary to the fact that G is a co(l) 
group. G/N = Z 3 implies that G = Z 6 is not a co(l) group. G/N = Z 4 implies that G is an 
Abelian group of order 8, not a co(l) group. 

(ii) If N £ Z{G). 

(a) G/N S 5 4 or Z 3 x Z 4 . \a G \ = \G\/\C G (a)\ implies that |JV| = 4 and 3 \ \C G (a)\. 
So if G/N = 5 4 , then 7r e (G) = {1,2,3,4} or 7r e (G) = {1,2,3,4,8}. The former implies 
k(G) = k{G/N) = 5, it is impossible since G and G/N are both co(l) groups. The latter 
implies fc(G) = 6, k(G/N) = 5. By Lemma 2.6, there exists a x G Irr(G) such that 72 = 
|G//V|(|iV| - 1) = x 2 (l), a contradiction. If G/N = Z 3 x Z 4 , since G/7V has elements of order 6, 
G has elements of order 6 or 12. Let x be an element of order 6 or 12 of G. Let x — a 2 a 3 = a 3 a 2 . 
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If o{x) = 12, then 0(02) = 4, 0(03) = 3. Since G/N has no elements of order 12, a 2 = a 9 G N, 
it follows that 3 | |Gg(ci)|, a contradiction. If o(x) = 6, then o(a 2 ) = 2, a 2 ^ iV, it implies that 
the elements of order 2 of G are in two distinct conjugacy classes. Since the elements of order 
4 of G/N are in two distinct conjugacy classes, contrary to Lemma 2.4. 

(b) If G/N ~ At, then P 2 < G. \a G \ = (2 a - 1) | \A 4 \ implies that \N\ — 4 and N < Z(P 2 ). 
Since G and G/7V = A arc both co(l) groups, 7r e (G) = {1,2,3,4}. We know that G/N = A 
has two conjugacy classes of elements of order 3, so has G by Lemma 2.4. Let 6, c be elements 
of order 3, 4 of G, respectively. By class equation, we have 48 = \G\ = 1 + \a G \ + 2\b G \ + \c G \ < 
1 + 3 + 2.16 + 6 = 42, a contradiction. 

(c) If G/N = Hol(Z 5 ), D w or Z 4 . It is impossible since \Hol(Z 5 )\ = 20, \D W \ = 10, \Z 4 \ = 
4, and \a G \ = (2 a - 1) | \G/N\. 

(d) If G/N = Z 3 , it is easy to conclude that G = A, contrary to that G is a minimal 
counterexample. 

Case 2 p = 3. 

(a) Let G/N S S 4 - Since |JV| - 1 = |a G | = (3" - 1) | |S 4 |, |JV| = 3, 9. We know that S 4 
has two conjugacy classes of elements of order 2, hence the elements of order 3 of G lies in 
one conjugacy class by Lemma 2.4. It follows that if \N\ = 3, then P3 = (x), o(x) — 9 where 
P3 G Sylz{G). Suppose that G has n cyclic subgroups of order 9. Then ncp(9) — 6n = \x G \ — 
\G\/\C G {x)\ = 3.24/9 = 8, it is a contradiction. If \N\ = 9, then a Sylow 2- subgroup P 2 of G 
acts fixed-point-free on N, by [6; Theorem 7.24], P 2 is a cyclic or generalized quaternion group. 
Clearly P 2 is isomorphic to the Sylow 2- subgroups of G/N = S4, therefore P 2 is a dihedral 
group, a contradiction. 

(b) If G/N = Ai, then \N\ = 3, 7r e (G) = {1, 2, 3, 6} or {1, 2, 3, 6, 9} since (3 a - 1) | |G|. 
Therefore k(G) — 5 or 6. We know that k(G/N) = 4. So by Lemma 2.6, there exists \% € 
Irr(G) such that 24 = Xi(l) or 24 = Xi(l) + a contradiction. 

(c) If G/JV = Hol(Z 5 ), then |JV| = 3 and 15 G 7r e (G) since |a G | = (3 a - 1) | |G|. We know 
that G/N = Hol(Z^) has two conjugacy classes of elements of order 4. Thus by Lemma 2.4, 
elements of order 15 of G are in one conjugacy class. Suppose that G has n cyclic subgroups of 
order 15, then n</>(15) — 8n — \x G \ = \G\/\Cg{x)\ — 4 where x G G,o(x) — 15, a contradiction. 

(d) If G/N = D\o, we have a contradiction in the same way as in (c). 

(e) If G/N = Z3, we get a contradiction immediately since 3 Q — 1 = \a G \ = \G\/\Cc(a)\ = 3. 

(f) If G/N = Z4, then G = Z3X Z 4 . It is contrary to that G is a minimal counterexample. 
Case 3 p — 5 

(a) If G/JV ^ S* 4 , At, Z 3 xi Z 4 or Di , then G £ D u and a = 1, 2 since |a G | = 5 Q - 1 = 
|G|/|G G (a)|. 

If a = 1, then G has an element x of order 15. Firstly, assume G = ^4 or Z 3 x Z 4 . Since 
54 has two conjugacy classes of elements of order 2 and Z 3 x Z 4 has two conjugacy classes 
of elements of order 4, by Lemma 2.4, the elements of order 15 of G are in one conjugacy 
class. Let G has n cyclic subgroups of order 15, then n^>(15) = 8n — \x G \ = \G\/\Cc(x)\ = 8, 
it follows that G/N ¥ Z 3 x Z 4 , G/N = S 4 and n = 1. Therefore (x) < G, it follows that 
G/N = S 4 has a normal subgroup of order 3, a contradiction. Now assume G/N = A 4 , then 
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7r e (G) = {1, 2, 3, 5, 15}, k(G) = 6, k(G/N) = 4. By Lemma 2.6, there exist X i, X2 Glrr(G) such 
that 48 = \G/N\(\N\ - 1) = xf (1) + xi( 1 )- Since G has an Abelian subgroup of order 15, we 
have Xi(l) < 4 by Lemma 2.5, a contradiction. 

If a = 2, then 24 = \a G \ = \G\/\C G (a)\, therefore G/N = S4. Clearly, a Sylow 2- subgroup 
P2 of G acts fixed-point-free on TV, so we have a contradiction similar to Case 2(p = 3), (A). 

(b) If G/N = Hol(Z^). Since \Hol(Z§)\ = 20 and Hol(Z§) has two conjugacy classes 
of elements of order 4 , by Lemma 2.4, elements of order 5 of G are in one conjugacy class. 
Therefore G has elements of order 25, and they are in one conjugacy class. Let x € G, o(x) = 25, 
then 0(25) = 20 | \x G \. It is impossible since \x G \ = \G\/\C G (x)\ < 4, . 

(c) If G/N = Z 3 , Z 4 . G/N = Z 3 implies that N = Z 5 and G = Z 15 , not a co(l) group. 
G/N = Z 4 implies that N = Z 5 and G = Hol(Z 5 ), it is contrary to that G is a minimal 
counterexample. 

Case 4 p^ 2,3,5. 

Let G/A be any group listed in Theorem 3.1, then (|A|, \G/N\) = 1. By Schur-Zassenhaus 
Theorem, A has a complement H = G/N such that G = NH. Since G G (a) = NC H (a), 
\a G \ = \G\/\C G (a)\ = \H\/\C H (a)\. We know that A = 1 Ua G , hence |A| - 1 = p a - 1 = \a G \ = 
\H\/\C H (a)\. \H\ = \G/N\ < 24 and p > 7 implies that a = 1, A = (a) and |G H (a)| < 4. 
Hence NCn(a) is an Abelian subgroup. By Lemma 2.6, there exist Xi Glrr(G)(i=l, 2, ... , n) 
such that |G/A|(|A| - 1) = \H \ 2 /\C H (a)\ = X \{\) + ... + £(1), where n = k{G) - k(G/N) - 
\n e (G)\ + 1 - (MG/A)| + 1) = \n e (G)\ - K(G/N)\ = \n e (C H {a))\. By Lemma 2.5, X iW < 
\G : NC H (a)\ = \H\/\C H (a)\. Since \C H (a)\ < 4, n < 3. 

If n = 1, then |G^(a)| = 1, it follows that |A| — 1 = p — 1 = Therefore we have 

\H\ = 10, 12 and H = G/N = D w , A 4 or Z 3 x Z 4 . By A/G theorem, G/G G (A) = H < 
Aut(N) = Z p _i, a contradiction. 

If n = 2, then |#|7|G ff (a)| = Xi(l)+xl(l) < 2| J ff| 2 /|G if (a)| 2 . It implies that \C H (a)\ = 2. 
Since G ff (a) < H, C H {a) < Z(H). Therefore B = Z 3 v\ Z 4 , it follows that S3 = H/C H {a) = 
G/G G (A) < Aut(N) = Z p -i, a contradiction. 

If n = 3, then C H {a) = Z 4 since \C H (a)\ < 4. Therefore \H\ 2 /4 = \H\ 2 /\C H (a)\ = 
XiC 1 ) + Xli 1 ) + Xi(l) < 3|i?| 2 /|G//(a)| 2 = 3|i7 1 2 /16 < |ff | 2 /4, it is a finial contradiction. 

The proof of Theorem 3.1 is completed. 

Theorem 3.2 If G is a finite nonsolvable simple group, then G is a co(l) group if and 
only if G = A 5 , L 2 (7) or G ^ S 5 . 

Proof. The elements of order 5 of A 5 are in two distinct conjugacy classes, the other same 
order elements are conjugate. Hence A 5 is a co(l) group. In the same way we can verify that 
£2(7) and S5 are co(l) groups. 

Conversely, if G is a simple co(l) group, by Lemma 2.7, G is isomorphic to one of the 
groups listed in Lemma 2.7. Check Atlas[3], we know that G = A$ or G = £2(7). 

If G is an nonsolvable co(l) group, and G is not simple, we will prove G = S5. 

Suppose that the result is not true. Let G be a minimal counterexample. Let A be a 
minimal normal subgroup of G, then A is an elementary Abelian group, or the direct products 
of isomorphic non-Abelian simple groups. 
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Step 1 A is a non-Abelian simple group and Gg(A) = 1. 

Proof. If A is an elementary Abelian group, by Lemma 2.2, G/N is a co(0) or co(l) group. 
G is nonsolvable implies that G/N is nonsolvable. If G/N is a co(0) group, by Lemma 2.1, 
G/A = 1, Z 2 , contrary to G is nonsolvable. Hence G/N is a nonsolvable co(l) group. If 
G/A is simple, by above proof, G/N = A 5 or L 2 (7): if G/A is not simple, G/A = S 5 since G 
is a minimal counterexample. It contradicts to Lemma 2.11. Therefore N is the direct product 
of isomorphic non-Abelian simple groups. By Lemma 2.8, A is a non-Abelian simple group. If 
Cg(N) > 1, let K be a minimal normal subgroup of G contained in Gg(A), then K must be 
non-Abelian simple. Let a 6 A, 6 G A, o(a) = o(fe) = 2, then a, 6, a6 are all elements of order 
2. Since AA = A x K, a is not conjugate to b. G is a co(l) group implies that ab is conjugate 
to a or 6, it follows that A n K > 1, a contradiction. Therefore Gg(A) = 1. 

Step 2 A = A 5 . 

Proof. By step 1, A is non-Abelian simple and Cg(N) = 1. Hence by Lemma 2.9, 
G/N < Out(N). Since G is a co(l) group and Inn(G) may be viewed as subgroup of Aut(N), 
the same order elements of A belong to at most two fusion classes. By Lemma 2.7, A is 
isomorphic to one of the groups listed in Lemma 2.7. 

If Out(N) is a cyclic group of prime order, then G/N = Out(N) and G is an automorphic 
extension of A. In this case we can check out the 7r e (G) and k(G) directly from Atlas[3]. By this 
way we can prove that G is not a co(l) group when A = A7, Ag, Mn, Mi 2 , M 2 2, M23, J2, M C L, 
L 2 (7), L 2 (8), £ 2 (11), £3(3), f7 3 (3), Sz(8). Therefore we only need to consider N = A 5 , A 6 , L 2 (16), 
£ 2 (17), L 3 (4), C/ 3 (4), C/ 3 (5), t/ 3 (8), 5 4 (4). (See table 1. From Atlas[3]) 
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tabic 1 



2 


2 2 


4 


6 


2xS 3 


4 


S 3 


3x5 3 


4 


4 5 


4 6 


L 2 (16) 


£ 2 (27) 


is (4) 


C/ 3 (4) 




U 3 {8) 


S 4 (4) 


14 


1A 


14 


14 


14 


14 


14 


14 


14 


2,4(4) 


24(8) 


24(16) 


24(28) 


24(64) 


24(320) 


24(240) 


24(536) 


24(840) 


34(3) 


34(9) 


34(15) 


34(27) 


34(9) 


34(15) 


34(36) 


34(1512) 


25(840) 


54(5) 


35(9) 


54(15) 


5** (27) 


44(16) 


44(16) 


44(8) 


5**(1512) 


2C(256) 


5*(5) 


44(4) 


5*(15) 


74(14) 


45(16) 


54(300) 


54(250) 


3(7(81) 


34(180) 




54(5) 


154(15) 


5*3(14) 


4C(16) 


5** (300) 


55(25) 


44(64) 


35(180) 




5*(5) 


5**(15) 


C*2(U) 


54(5) 


C*2(300) 


5C(25) 


45(64) 


44(32) 






C*2(15) 


134(13) 


5*(5) 


5*3(300) 


55(25) 


4C(64) 


45(32) 






5*8(15) 


5*3(13) 


74(7) 


55(25) 


64(12) 


64(24) 


54(300) 






174(17) 


C*4(13) 


B**(7) 


5* (25) 


74(7) 


5**(24)(7) 


5*(300) 






5*4(17) 


5*5(13) 




104(20) 


5** (7) 


74(21) 


5C(300) 






C*2(17) 


5*2(13) 




5** (20) 


84(8) 


5*2(21) 


5* (300) 






5*8(17) 


5*6(13) 




C*7(20) 


B**(8) 


C*4(21) 


55(25) 






5*6(17) 


144(14) 




5*3(20) 


104(10) 


94(27) 


64(12) 






5*2(17) 


5*3(14) 




134(13) 




5*2(27) 


65(12) 






G*5(17) 


C*5(14) 




5**(13) 




C**4(27) 


104(20) 






5*3(17) 






C*5(13) 




194(19) 


5*(20) 












£1*8(13) 




5**(19) 


10C(20) 












154(15) 




C**2(19) 


5* (20) 












B**(15) 




5*2(19) 


154(15) 












C*2(15) 




5*4(19) 


5*(15) 












5*8(15) 




5**(19) 


15C(15) 
















214(21) 


5 8 (15) 
















5**(21) 


174(17) 
















C**2(21) 


5*2(17) 
















5*2(21) 


C*3(17) 
















5*4(21) 


5*6(17) 
















5**4(21) 





( Note: in the table, the first row denotes the Out(N), where N is a non-Abelian simple 
group listed in the table. nA(m) denotes the conjugacy class of elements of order n. m denotes 
the order of centralizcr of a representative of the conjugacy class.) 

Case 1 Let ./V = 4 6 . Since 7r e (iV) = {1,2,3,4,5} and Out(N) = Z 2 x Z 2 , G/N Z 2 , 
or G/N = Z 2 x Z 2 . If G/N = Z 2 , then we can know from Altas[3] that G is not a co(l) 
group. Therefore G/N = Z 2 x Z 2 . Let Sj(i = 1,2,3) be the distinct elements of order 2 of 
G/N, then { Xl f G AT. So o(x 4 ) = 2,4,6,8,10. Since 3,5 e 7r e (A0, if o(x 4 ) = 6,10, we can 
choose the representatives of Xi such that o{x{) = 2. Hence we may assume o(xi) — 2,4,8. If 
o(xi) = 2, since 2,4 G 7r e (7V), the elements of order 2 of G lie in two conjugacy classes. So it 
is only possible that o(x 2 ) = 0(2:3) = 8. G is a co(l) group implies that X2 ~ 23, it follows 
that x 2 ~ S3, a contradiction. Similarly, if o(a;i) = 4, we also have a contradiction. Therefore 
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o{xi) = 8, i = 1,2,3. Clearly, x\, x 2 , X3 are not conjugate to each other, which is contrary to 
that G is a co(l) group. 

Case 2 Let TV = L 2 (16), then 7r e (A) = {1,2,3,5,15,17}, Out(N) = Z 4 . From table 1, 
we know that the elements of order 17 of N are in 8 N-conjugacy classes, so they are in at 
least two distinct G-conjugacy classes because G/A| < 4. Therefore same order 17'-elements 
are conjugate. Also from table 1, the elements of order 3 of N are in one N-conjugacy class, 
they are in one G-conjugacy class too. So by Lemma 2.10, \G : N\ = \C G (a) : Gat(o) where 
a G N, o(a) = 3. Hence 2 | \C G (a)\, it follows that G has elements of order 6. Since N contains 
all elements of order 2, 3 of G, 6 G n e (N), a contradiction. 

Case 3 Let G/N = L 2 (27). Since 7r e (A) = {1,2,3,7,13,14}, Out(N) = Z 6 , if G/N = 
Z2, Z3, then we can know from Atlas[3] that G is not a co(l) group. Hence G/N = Z§. Let 
G/N = (x), then x 6 G N. Let o(x) = 6n, n G ir e (N), then the elements of order 6n of G are in 
two distinct conjugacy classes. Let a G N, o(a) = 2, from table 1, \a°\ = \a N \. So by Lemma 
2.10, |G : JV| = \C G (a) : C N (a)\, it implies that 3 | \C G (a)\. Therefore 6 G 7r e (G) and 6 G 7r e (A) 
follows, a contradiction. 

Case 4 Let N = L 3 (4), then 7r e (A) = {1,2,3,4,5,7}, Out(N) = Z 2 x S3. Let a, 6 G 
iV, o(a) = 3, 0(6) = 5. 

(1) If the elements of order 3 of G are in two conjugacy classes, then same order 3'-elements 
are conjugate. From table 1, the elements of order 3 of N are in one N-conjugacy class, they 
are also in one G-conjugacy class. Also from table 1, the elements of order 5 of N are in two 
N-conjugacy classes with same length, but they are in one G-conjugacy class. By Lemma 2.10, 
|G : JV| = \C G (a) : C N (a)\ = 2\C G (b) : C N (b)\. Therefore 2 | \C G (a)\. Let x G C G (a), o(x) = 2, 
then x G N, it follows that 6 G n e (N), a contradiction. 

(2) If the elements of order 3 of G are in one conjugacy class. 

(i) If the elements of order 4 of G are in two conjugacy classes, then same as (1), we also 
have \G:N\ = \C G (a) : C N (a)\ = 2\C G (b) : C N (b)\. Hence 6 G n e (N), a contradiction. 

(ii) If the elements of order 4 of G are in one conjugacy class, let c, x G N, o(c) = 4, o(x) — 
2. From table 1, we know that the elements of order 4 of N are in three N-conjugacy classes 
with same length, the elements of order 2 of N are in one N-conjugacy class. So by Lemma 
2.10, \G:N\ = 3|G G (c) : C N (c)\ = \C G (x) : C N {x)\. Therefore 3 | \C G (x)\. Since 16JV and N 
contains all elements of order 3 of G, N contains elements of order 6, a contradiction. 

Case 5 Let N = C/ 3 (4), then 7r e (A^) = {1, 2, 3, 4, 5, 10, 13, 15}, Out(N) = Z 4 . If G/N = 
Z 2 , checking Atlas[3] we can know G is not a co(l) group. So G/N = Z4. Let G/N = (x). then 
o(x) = An, n G Tt e {N). Therefore the elements of order 4n of G are in two conjugacy classes by 
Lemma 2.4. From table 1, the elements of order 3 of N are in one A^-conjugacy class, so they 
are also in one G-conjugacy class. By Lemma 2.10, G : N\ — \C G (a) : Gjv(a)|, so 2 | \C G (a)\ 
where a G N, o(a) = 3. Since N contains all elements of order 2 of G, N has elements of order 
6, a contradiction. 

Case 6 Let N = C/ 3 (5), then 7r e (A) = {1,2,3,4,5,6,7,8,10}, Out(N) = S3. If G/N ^ 
Z 2 , checking Atlas[3] we can know that G is not a co(l) group. Hence 3 | |G : N\. From table 
1, N has two A-conjugacy classes of elements of order 5 with distinct lengths, so the elements 
of order 5 of G are in at least two distinct G-conjugacy classes. Also from table 1, the elements 
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of order 4 of iV are in one A^-conjugacy class, so they are in one G-conjugacy class. By Lemma 
2.10, \G:N\ = \C G {a) : C N {a)\, a G N, o{a) = 4. Since 3 | \G : N\, 3 | \C G (a)\. Therefore G has 
elements of order 12. N contains all elements of order 3 of G which implies that 12 G ir e (N), a 
contradiction. 

Case 7 Let N = U 3 (8), then 7r e (A0 = {1,2,3,4,6,7,9,19,21}, Out(N) = Z 3 x S 3 . From 
table 1, N has two iV-conjugacy classes of elements of order 3 with distinct lengths. So the 
elements of order 3 of G are at least in two distinct G-conjugacy classes. Also from table 1, 
the elements of order 19 of N are in 6 distinct A^-conjugacy classes with same length, but 
they are in one G-conjugacy class, so by Lemma 2.10, 6 | |G/AT|. Let a G N, o(a) = 7, from 
table 1, N has three Af-conjugacy classes of elements of order 7 with same length. Therefore 
\G : N\ = 3|G G (a) : C N (a)\ by Lemma 2.10, it follows that 2 | \C G (a)\ and N has elements of 
order 14, a contradiction. 

Case 8 Let N = 5 4 (4), then n e (N) = {1,2,3,4,5,6,10, 15,17}. From table 1, N has two 
7V-conjugacy classes of elements of order 2 with distinct lengths, so the elements of order 2 of 
G are in at least two G-conjugacy classes. Similarly, the elements of order 5 of G are in at 
least two G- conjugacy classes, contrary to the fact that G is a co(l) group. Therefore the only 
possibility is that N = A 5 . 

Step 3 the flnial contradiction 

By Step 2, we know that, N = A 5 . Since Out(N) = Z 2 , G/N = Z 2 , \G\ = 120. Therefore 
G = S 5 , A 5 x Z 2 , or SX(2,5). Clearly A 5 x Z 2 is not a co(l) group. 5L(2,5) has center 
isomorphic to Z 2 , hence it is not a co(l) group. Therefore G = S5, it contradicts to the 
assumption that G is a minimal counterexample. 

The proof of Theorem 3.3 is completed. 

By Theorem 3.1, 3.2, we have proved the following theorem: 

Theorem 3.3 Suppose that G is a Unite group, then G is a co(l) group if and only if 
G = A 5 ,L 2 (7),S 5 , S 4 , A 4 , D w , Z 3 , Z 4 , Hol{Z 5 ), Z 3 x Z 4 . 

References 

[1] R. Brauer and M. Suzuki, On finite group of even order whose 2-Sylow group is a gener- 
alized quaternion group. Proc. Nat. Acad. Sci., 45(1959), 1757-1759. 

[2] R. Brandl and W.J. Shi, Finite groups whose element orders are consecutive integers. J. 
Algebra. 143(1991), 388-400. 

[3] J.H. Conway, S.R. Norton, R.A. Parker and R.A. Wilson, ATLAS of Finite Groups, 
Oxford Press, New York, 1985. 

[4] W. Feit and CM. Seitz, On finite rational groups and related topics, Illinois J. Math., 
33(1989), 103-131. 

[5] I.M. Isaacs, Character theory of finite groups, Academic Press, New York, 1976. 



14 



[6] H. Kurzwcil, Endlichc gruppcn, Bcrlin-Hcidclhcrg-New York, 1977. 

[7] C.H. Li and C.E. Praeger, The finite simple groups with at most two fusion classes of 
every order. Comm. Algebra, 24(1996), 3681-3704. 

[8] C.H. Li, Finite groups in which every pair of elements of the same order is either conjugate 
or inverse-conjugate, Comm. Algebra, 22(1994), 2807-2816. 

[9] V. D. Mazurov, The Kourovka Notebook, Unsolved problems in group theory, AMS Trans. 
Ser. 2, Vol.121. AMS Procidcncc, RI, 1983. 

[10] W.J. Shi, A class of special minimal normal subgroups(in Chinese), J. Southwest-China 
Teachers College, 9:3(1984), 9-13. 

[11] J.P. Zhang, About Syskin problem of finite group, Sci. in China, 18:2(1988), 124-128. 

[12] J.P. Zhang, On finite groups of all whose elements of the same order are conjugate in 
their automorphism groups, J. Algebra, 153(1992), 22-36. 



15 



